A mixed variational statement for the analysis of layered structures under the effect of mechanical and electrical fields is proposed in this paper to develop finite plate elements what permits direct evaluation (that is "a priori") of transverse electrical displacement D z . The original Reissner Mixed Variational Theorem RMVT is modified to account "only" for interlaminar continuous Dz. Continuity of mechanical variables, such as transverse shear and normal stress components, is discarded to provide a simple "Electrical" modified RMVT, here denoted RMVT-Dz. Implementation are made via Carrera Unified Formulation. The applications of the proposed approach is demonstrated by comparison with classical formulations based on the Principle of Virtual Displacements as well as to available 3D and analytical solutions.
to accurately predict mechanical displacements, electric potential, in-plane stress and in-plane electric displacements, they are unable to guarantee the continuity of transverse stresses or of the transverse electric displacement at the interface between two adjacent layers (the continuity of transverse stresses should be enforced for equilibrium reasons). The continuity conditions for secondary variables, such as transverse stresses and transverse electric displacement, are known in literature as C 0 z requirements.
10 These requirements can be satisfied by employing the mixed approach. In particular, displacement components, electric potential, transverse stresses and transverse electric displacement can be independently considered and used as degrees of freedom, using the Reissner Mixed Variational Theorem (RMVT). 11, 12 In this way, the continuity of transverse stresses and of the transverse electric displacement is always guaranteed and, consequently, the C 0 z requirements are automatically fulfilled. On most of the last decade, the first author and his co-workers have contributed extensively to the application of RMVT to multilayered made structures and they have introduced a layer-wise finite element formulation for composite plates that fulfils the continuity of transverse stresses between layers. 13 Closed-form solution analysis as well as FE applications 14 have shown that RMVT can be considered a very suitable tool to provide a quasi-3D description of stress and strain fields in anisotropic laminated structures. The formulation employed in these latter works, named Carrera Unified Formulation (CUF), permits one to formulate both ESL and LW models in terms of a few "Fundamental Nuclei" whose form does not depend on either the order of the through-the-thickness expansion that has been used for the various variables or on the number of nodes of the element. Many works have been devoted to the extension of the CUF: PVD and RMVT variational statements where extended to piezolaminated plates. 15 The modeling of piezolaminated plates using layerwise mixed finite elements was then proposed 16 and subsequently an extension of the RMVT to piezoelectric laminates with analytical results was published. 17 Mixed finite elements for static and dynamics analysis of piezoelectric plates have been provided, 18 where only transverse stresses were modeled by RMVT. The related variational statement has been named P-RMVT, where the "P" stands for "Partial". In this case, the transverse electric displacement D z was calculated by post-processing. More accurate results for the evaluation of the D z have been presented in a recent work, 19 where the transverse stresses, together with the D z , have been modeled by RMVT. The employed variational statement has been called F-RMVT, where the "F" stands for "Full". Among the various variables, the evaluation of the transverse electric displacement is of particular interest. The D z is, in fact, closely related to the electrical charge Q:
where Ω is the plate surface. The charge consists of a fundamental input/output in a closed-loop control of a smart structure. Faster and accurate evaluation of Q is a key-point in the development of an efficient and reliable closed-loop control algorithm. However, D z , in classical applications is only given "a posteriori" via post-processing of the primary variables (the displacements and the electrical potential). An extended RMVT application, with D z assumed as primary variable, has been employed in this paper, which has been called RMVT-D z . The relevant difference between RMVT-D z and the above mentioned F-RMVT is that the first does not imply the modeling of transverse stresses, while both variational statements require the modeling of the transverse electric displacement. As a consequence, RMVT-D z leads to a lower computational effort than F-RMVT and it assures, at the same time, accurate results for the transverse electric displacement. An almost complete overview of the possible subcases of RMVT was given in a recent paper. 20 The RMVT-D z was in the latter article mentioned as a possible extension of RMVT to piezoelectric structures. However, constitutive equations and FE matrices consistent with RMVT-D z were not listed. The present work derives the constitutive equations for RMVT-D z and develop applications for plate elements in the framework of the CUF. The RMVT-D z Fundamental Nucleus (explicitly given in the Appendix) contains information to built the corresponding stiffness matrix and in this paper is presented and numerically assessed.
II. Considered variational statements
A. The PVD for the electro-mechanical case
The PVD statement for the pure-mechanical case study is commonly written as it follows:
where superscript "T " indicates the array transposition, δ is the variational symbol and bold letters denote arrays. Subscripts "G" and "H" indicates variables obtained by Geometrical relations and by constitutive/Hooke's relations respectively. σ, and L e indicate stresses, strains and the external work, in the same sequence.
In the case of applied electro-mechanical loading on a surface Ω, employing Einstein's summation convention over repeated indices, the virtual variation of the external work can be expressed as:
where: t i is the mechanical loading in i-direction (pressure); u i is the displacement component in i-direction; Q is the charge density on the plate surface; φ is the electric potential. Stresses and strains are conveniently split between in-plane and out-of-plane (normal or transverse) components:
with:
y, z reference system is considered and notation already used in previous work 19 is referred to: subscript "p" denotes in-plane unknowns and subscript "n" denotes out-of-plane unknowns; subscript "z" indicates the through-the-thickness z-direction, while subscripts "x" and "y" are for the two in-plane directions. If electrical contributions are included, the PVD in Eq.(4) becomes:
D and E indicate the transverse electric displacement and the electric field, respectively. The condensed vectorial notation already discussed 20 is employed in present work. The two multifield variables are introduced:
where S is the vector of extensive variables and E is the vector of intensive ones. D z and D n are the same quantity expressed in different notation. It is possible to rewrite Eq.(5) in form as simple as Eq.(2) for multifield problems:
B. The RMVT-D z
The advantage of using RMVT consists in the possibility of assuming two independent set of variables: a set of primary unknowns and a set of extensive variables which are modeled in the thickness plate z-direction. This leads to the "a-priori" and complete fulfillment of the interlaminar continuity for the modeled extensive variables, with consequent satisfaction of the C 0 z requirements in. 13 As stated in the introduction, the RMVT has been commonly employed to obtain accurate results for transverse stresses in pure mechanical problems. 11 In piezoelectric applications, RMVT has been recently extended to model the transverse electric displacement other than normal stresses.
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This work represents the first application of the RMVT with only the electric displacement D z modeled in the thickness plate z-direction. The convenience of that is explained in the introduction. The RMVT statement with "a-priori" modeling of the transverse electric displacement D z (or D n ) is here called RMVT-D z and it appears in literature according to the following form:
By referring to the condensed notation and considering that subscript "a" indicates " not modeled quantities", while subscripts "b" are related to "modeled quantities", the following vectors can be introduced: 
is the vector of intensive variables associated to S b and calculated by geometrical relations;
is the vector of intensive variables associated to S b and calculated by constitutive relations. In so doing, the RMVT statement with "a-priori" modeling of the transverse electric displacement D z takes the following form:
In the next section, the constitutive relations are obtained for the RMVT-D z variational statement, both in traditional notation, according with Eq. (9), and in the condensed notation, according with Eq.(10).
III. Constitutive relations
Physical constitutive equations, which are suitable for PVD applications, for the electro-mechanical case reduce to:
where standard tensor notation is used and Einstein's summation convention is implied over repeated indices and with: C ijlm = elastic coefficients -Hooke's law; e lij = piezoelectric coefficients; ε ij = permittivity coefficients. Note that 2 ij components in tensorial notation correspond to ij components in vectorial notation, when i = j).
Passing from indices to vectors in split form (in-plane and out-of-plane components), constitutive variables become:
where E n and D n are scalars. Eq.(11) can be rewritten:
where matrices C pp , C pn , C nn , e pp , e pn , e nn , ε pp , ε pn and ε nn contain the constitutive coefficients in Eq. (11) , which are already rotated to the physical reference system and are partitioned so that the in-plane quantities are split from the out-of-plane ones.
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Variationally consistent constitutive relations must be derived according to Eq. (9) . To do that, the system in Eq. (12) is rearranged. First, normal component of electric field is obtained:
that is:
Substituting Eq. (14) in Eq. (12) and keeping Eq. (14) as last equation, RMVT-D z constitutive relations are obtained:
A more compact expression of Eq.(15) can be obtained substituting matrices products with a new set of constitutive coefficients, denoted by the "hat".
Constitutive relations in Eq. (16) are suitable for the application of the RMVT variational statement in the form of Eq. (9) . If the variational statement of Eq.(10) is addressed to, constitutive relations are obtained as it follows, according to the condensed notation. For sake of clarity, it is convenient to specify that primary unknowns variables are collected in the vector
, where the superscript k stands for the k-th layer. It is useful to rewrite vectors introduced in Sec.B:
Following geometrical relations can be written:
In explicit form:
Referring to the condensed notation and specifying which quantities are obtained by Hooke's law or by geometrical relations, Eq.(16) becomes: 
where
ba . In explicit form:
Physical constitutive relations, can be arranged according to the above partitioning:
From Eqs. (22) one has:
Matrix H k of Eq. (20) is:
To be noticed that matrix H k represents the constitutive relations suitable for the RMVT-D z in the form of Eq.(10) and it contains the same information of the system in Eq. (16) . See the Appendix A for the explicit
The advantage of using the condensed notation is that the above showed procedure to calculate constitutive relations is applicable also when different/more extensive variables are modeled through the thickness plate z-direction and then it represents a general and an automatic way to calculate the constitutive coefficients for many different cases of variational statements.
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IV. Through-the-thickness assumptions of primary variables via CUF
In the framework of the CUF, 22 the primary unknowns are assumed by using a generalized expansion:
The repeated indexes are summed over their ranges. The polynomials F τ (z) constitute a set of independent functions. Such base is arbitrarily chosen: power of z, Lagrange polynomials or a combination of Legendre polynomials can be considered. N denotes the order of the introduced expansion. In case of RMVT-D z application, variables concerning displacements, electrical potential and transverse electric displacement are included in vector V k . It is understood that, by the arbitrary choice of the thickness expansion, the same computational code can address not just one finite element, but a complete family of them, with different descriptions for primary unknowns along the thickness of the structure. In so doing, the CUF reduces a three-dimensional problem to a two-dimensional problem. Meanwhile, the order of the expansion along the thickness of the plate is taken as a free parameter of the finite element and, in the developed code, it can be changed ranging from 1 up to 4. By appropriately choosing the thickness functions, both an Equivalent Single Layer (ESL) and Layer Wise (LW) description along the thickness of the plate is admissible. In an ESL model, a global assumption for the unknowns is considered along the thickness of the plate (i.e. a Taylor expansion) while, in a LW model, the expansion is made for each layer separately and then interlaminar continuity conditions are enforced by the assembly procedure. The latter leads generally to more accurate results but the number of the nodal degrees of freedom increases with the number of the layers coming out to a greater computational cost. In the implemented code, for a LW theory the thickness functions are defined by:
The chosen thickness functions have the interesting properties:
Using these definitions, the generalized assumptions for the primary unknowns of the k-th layer in Eq. (25) can be stated as:
with r = 2, . . . , N.
The variables V b and V t are the actual primary unknowns at the bottom and the top surfaces of the layer and the inter-laminar continuity can be easily imposed:
Acronyms are used for the implemented plate elements. These are denoted by LM1, LM2, LM3, LM4 in which: L states that a Layer-Wise description is employed and M indicates that mixed approach based on RMVT is used; 1-4 denotes the order of the expansion introduced for the field variables in each layer (from first to fourth order). When acronyms EM1, EM2, EM3, EM4 are used, an Equivalent-Single-Layer description is employed. LD1, LD2, LD3, LD4 and ED1, ED2, ED3, ED4 are the corresponding acronyms when classical approach based on PVD is used (letter D).
V. "Fundamental Nuclei" and FE matrices
This section is devoted to the RMVT-D z variational statement, while the application of the corresponding PVD has been already illustrated.
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A. Finite element discretization
In case of FEM implementation, unknowns can be expressed in terms of their nodal values, via the shape functions
while for the virtual variations:
where N n denotes the number of nodes concerning the considered finite element and R k τ i is the vector containing nodal values of unknowns:
The final expression of the unknowns is:
B. Derivation of Fundamental Nuclei and FE matrices
Upon substitution of Eqs. (17), (18), (19), (23) and (31), the variational statement in Eq.(10) leads to a set of equilibrium equations which can be formally put in the following compact form:
where P k is the vector of nodal loads and the related boundary conditions are R k .
The number of obtained equations coincides with the number of introduced variables: τ and s vary from 0 to N , i and j vary from 1 to N n and k ranges from 1 to N l . Matrix K kτ sij is the fundamental nucleus. In this case it is a 5 × 5 array and, more in general, it provides the information to build the stiffness matrix (see the Appendix A for the explicit form of K kτ sij ). Whatever is the considered variational statement, starting from the fundamental nucleus, for a given discretization, the stiffness matrix K can be calculated by numerical integration and the assembly procedure. K is representative of the Gibbs free energy contribution and it should be emphasized that, regardless its name, the stiffness matrix contains information pertaining to all the considered fields and not just to the mechanical field. If a static analysis is required, the system to solve is the following:
where: P is the vector of nodal loads; R is the vector of nodal unknowns.
VI. Numerical results and discussion
In this section a few FEM results are compared with the corresponding RMVT-D z analytical solution (with fourth order through the thickness expansion) and with the exact solution provided by Heyliger. Fig.2 . The analysis will be restricted to LW cases. These last are, in fact, capable to furnish reliable results at each layer interface. A second order thickness expansion is considered to properly calculate the through-the-thickness electric displacement, which clearly shows a parabolic-like trend through the external layers (see Fig.3 ). For each case, the corresponding LW RMVT-D z analytical solutions with fourth order thickness expansion is provided too (LM4, analytical).
A. Sensor case
The applied double sinusoidal pressure loading p z is considered on the top plate surface (sensor configuration). 
B. Actuator case
The applied double sinusoidal potential φ is considered in the top plate surface (actuator configuration 25 As far as Tab.6 is concerned, the in-plane stresses are also calculated with good accuracy, while the normal stress does not have reasonable values around the top and the bottom face of the plate. It is clear, from Tab.7, that the RMVT-D z modeling, compared to the PVD modeling, does not significantly improve the solution for the actuator case.
C. Shell problems
In this section the shell problems for which 3D solution were given by Bhaskar and Varadan 26 for the pure mechanical problem has been extended to piezoelectric case. The problem has been already referred to assess Unified formulation in both PVD and RMVT for pure mechanical problems.
27 Piezoelectric shells are build by replacing and/or adding piezoelectric layers to the original shells. The cylindrical shell considered by Bhaskar and Varadan has the following geometry, see Fig.4 : a = 40, b = 62.8318853, R α = ∞, R β = 10 and m = 1, n = 8. The following two lay-outs are considered: -one piezoelectric layer; -four layers: two external made by piezoelectric materials, and two internal are carbon fiber cross ply (0/90). Mechanical properties are those used in the plate case. Both actuator and sensor configurations are treated. For the actuator case the distribution of electric potential Φ applied at top surface is
with Φ top = 1, Φ b = 0 and P z = 0. A mechanical transverse pressure is applied with correspondence to the bottom surface in the sensor case:
with Φ top = Φ b = 0, and P z = 1.
Results are given in Tabs.8-11. Different variational statements are compared for thick and thin shells. Electric potential and transverse electric displacement are considered. Three letters acronyms are used to identify the analytical modeling. The first letter "L means that LayerWise description is applied; the second letter is "D or "M in case of PVD modeling or RMVT-D z modeling, respectively; the subsequent number specifies the employed order for the through-the-thickness expansion of variables. Tabs.8,9 are related to one-layer case. Tabs.10,11 are related to four-layers case. Actuator and sensor configurations are considered, respectively. Tab.8-11 shows that higher order expansions leads to the same results for both electric potential, even though different variational statements are referred to. Normal electric displacement results related to RMVT applications are quite different with respect to PVD ones (where D z is not an assumed variable). These differences are larger for the sensor case: see Tabs.9,11) where a mechanical loading is applied at the bottom of shell. Concerning Tabs.10,11, which refer to a four-layered configuration, the presence of two mechanical layers reduces the electric coupling. Furthermore, for the sensor case the effect of the radii of curvature is larger than for the actuator one. If the transverse electric displacement is concerned about, the superiority of RMVT with respect to PVD is confirmed, especially for the sensor case.
VII. Conclusions
A new mixed variational statement (RMVT-D z ) is proposed in this work for the "a priori" evaluation of the transverse electric displacement D z . FE plate elements and corresponding analytical solutions have been developed to asses the numerical performance of RMVT-D z . The numerical results clearly show that RMVT-D z is capable of furnishing almost 3D-results for the D z . For the sensor case, worse evaluations of D z are instead obtained by using other variational statements, which discard the interlaminar continuity of D z . In short, the RMVT-D z should be preferred to other variational statements when fast and accurate results are needed for the prediction of D z and of the electrical charge Q on the plate. Future work could be devoted to consider additional lay-out, boundary conditions and load cases.
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A. Appendix: Explicit forms of RMVT-D z Fundamental Nuclei
The stiffness fundamental nucleus K kτ sij related to the RMVT-D z application is listed below. Constitutive information are included too. In the following, the layer-superscript k is always implied to simplify equations. The stiffness fundamental nucleus is:
The explicit form of matrices H aa , H ba , H ab and H bb is: Height 3D 
10.219 8.8763 8.5457 Height 3D 
